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Precise and Accurate Lattice Parameters  by Fi lm Powder Methods. IV. 
Theoretical  Calculation of Axial  (Vertical) Divergence Profiles, Centroid Shifts, 

and Variances for Cylindrical Powder Diffraction Cameras  
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An analytic method, based on an expansion of Eastabrook (1952) to the first power in the deviation 
from the Bragg angle, is used to derive the axial-divergence line profiles, centroid shifts and 
variances for cylindrical powder cameras. Numerical values and profiles are given for the modified 
5.76 cm Philips camera and input collimator described by Beu, Musil & Scott (1962). The profiles 
are compared with those obtained by Beu, Landstrom, Whitney & Pike (1964) (preceding paper) 
who used a graphical method, based on exact equations, for the same calculation. 

Excellent agreement is found over all but the extreme ends of the angular range, --~ 20 greater 
than  175 ° and less than 10% At these extreme angles the graphical method is expected to give 
superior results, since the expansions used in the analytical approach become more slowly conver- 
gent. I t  is shown, however, tha t  at the high-angle end the differences are too small to be of prac- 
tical account, although at low Bragg angles the differences might be measurable. 

The displacement of the centroid is found to be -0-025°(20) at 10°(20) falling to zero at about 
130 ° , and is 0.005 ° at 170 ° . The corresponding root-mean-square breadths at these angles are, 
respectively, 0.030°(20), a minimum of about 0.002 ° and 0.006 °. 

1. Introduct ion  

A short  review of previous work on axial-divergence 
effects has been given by  Beu, Landst rom,  Whi tney  & 

* Under Contract AT-(33-2)-1 with the U.S. Atomic 
Energy Commission. 

Pike (1964) (preceding paper) with the conclusion 
t h a t  no quan t i t a t ive  methods  for the evalua t ion  of 
these effects in f i lm powder cameras were previously 
available.  This was remedied by a graphical  calcula- 
t ion  of line profiles based on the  exact  geometrical  
relat ionship between pr imary  and diffracted rays given 
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S¢/ 

Fig. 1. Cylindrical powder  camera:  schematic  representat ion of axial divergence. 

by Eastabrook (1952). The method involved an inter- 
mediate machine calculation of the deviations from 
the Bragg angle, using this equation. Since, however, 
these deviations are almost always small, an alterna- 
tive method is to expand the exact equation in powers 
of this deviation and neglect square and higher-order 
terms. A closed form for the deviations, first given by 
Eastabrook (1952, equation 12), which is valid at all 
but extreme Bragg angles, can be obtained in this way. 

This alternative method is used in the present paper, 
and permits analytical expressions to be obtained for 
the line profile itself which are exact to the first 
power in the deviations. These expressions are devel- 
oped in section 2.1, and results are evaluated for the 
same camera and collimator as were used for illustra- 
tion in the previous paper. The results are compared 
directly. 

In section 2.2 the displacement of the centroid of 
the line profile is calculated; our approach again 
allows a closed form to be derived. The method is ex- 
tended to a discussion of the profile variance in sec- 
tion 2.3. 

2. Theoret ical  treatment  

2.1. Line profile 
In general, axial divergence of the primary and 

diffracted X-ray beams causes the measured angle, 
2q~, to differ from the Bragg angle, 20, by a small 
amount 2e, such that  

20 =2~0+2e. (1) 

Rays from an element 6f at f on the line focus (A in 
Fig. 1) are diffracted by an element 6p at p on the 
specimen (P) to B on a generator of the film cylinder. 
If the focus is assumed to be uniform, with unit 

intensity per unit length, the element of intensity 
detected at B is 

I(2e)(~(2e)= (~fSp 
or  

& 
I(2e), = [ ~-~2~)) ]pSp . (2) 

The total intensity at B, the sum of all such contribu- 
tions, is 

& 
I(2e> = ~ [ ~-~-2-~ ]pSp 

or  

,<,,> I,[GI , <,> 

Eastabrook (1952) has derived an expression for 2 e. 
In the above notation 

cos ( 2 ~ -  2e) 

[ (p-f)2+S~]½[(r-p)2+R2]k (p-f)  (r-p) 
= ~ J L ~ j c o s 2 ~  s R ' 

where r is the distance of B from the equatorial plane 
~long ~ generator of the film cylinder, R is the camera 
radius, and S is the distance between the focus and 
axis of rotation. Except at low and very high angles, 
for typical camera dimensions, this approximates to 
(Eastabrook, 1952, equation 12) 

2 e = ½ L - - ~ - -  - - - -  cot 2 

(p-f)  (r-p) 
S R 

the error in 2e being 

- - - -  cosec2$,  (4) 
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A(2e) ½(26)2co t2~-~I (P~f )2  (r~2P)212 -- cot 2~ .  

zf S/R=~, 

(2S 2 tan 2~)(26) 
= [ ( p _ f ) 2 +  #2(r_p) .Z]_2#(p_ f ) ( r_p)  sec 2~ .  (5) 

Re-arranging equation (5) and solving for f gives 

f = p - # ( r - p )  sec 2~0 
+_ V(#2(r-p)  2 tan 2 2~+(2S  2 tan 2~)(26)), (6) 

and 
~f p= R S  

-~2~) +- ~/((r-p)e+(2R 2 cot 2~)(26))" (7) 

(The positive and negative signs correspond to contri- 
butions from each side of the median plane. Since these 
are symmetrical, the modulus may be taken.) From 
equation (3), 

I(2 e) = RS  I 
dp 

~/((r-p)~+(2R 2 cot 2~)(26)) ' 

and the line profile is 

[ ] 1 ( 2 6 )  = RS  sinh-' V((2R2 cot 2~)(2i)) 

2s >__ 0, 2~0<~/2 
26 < 0, 2 ~ > ~ / 2  

1(26) = R S  [log Ip-rl]p 
(s) 

26max _> 26 _> 26rain, 2(p= :~/2 

1(26) = RS  [cosh-1 ( p - r )  ] 
V'(2R2126 cot 2~l)dp 

26 < 0, 2~0<g/2 
26 _> 0, 2 ~ > z / 2 .  

The limits of p in equation (8) depend upon the input 
collimation (we assume that  the incident beam fills 

the collimation system). They are determined by refer- 
ence to a diagram of the type illustrated in Fig. 2, in 
which accessible values of p and f for given ranges of 
2e are enclosed by boundary lines. These boundary 
lines, for slits at ( _+ xl, yl) and ( _+ x2, y2) as in Fig. 2, 
are given by the equations (see also Beu, Landstrom, 
Whitney & Pike, 1964) 

or  

y l f  + ( S -  yl)p + xlS = 0 

y2f + ( S -  y2)p + x~,S = 0 

p = - m 2 f -  c2 (VM) 

p = - m l f  +cl (MN) 

p=  - m e f  +c2 (NU) 
and 

p= - m l f  - c l  (UV) , 
where 

yl xlS 
m l  = - - ,  e l - -  , m 2  = - -  

S - yl S - yl 

(9) 

(]0) 

(22) 

(22) 

(23) 

(14) 

c2 = S x2S'-y2 y2 
and 

S - y 2  

I t  may be shown that  the 2s contours in the (f, p) 
plane have a centre of symmetry at f = p = r .  For 
profiles along the equatorial plane of the film cylinder 
(r= 0), the centre is at the origin, and the integration 
may be simplified by taking f = 0  (or p=O) as a bound- 
ary. For off-axis profiles, however, the entire region 
V M N U  must be taken. 

The 2s contours vary considerably for different 
values of 2q9 and general expressions for the limits in 
equation (8) would be cumbersome. The general 
procedure for determining the limits will become ap- 
parent if the particular case of an equatorial profile 
at 2q~=45 ° (20) is considered. For non-equatorial 
profiles or other values of 2~0 a similar argument 
applies. The 2s curves for this case, calculated for a 
Philips 5.76 cm powder camera, are given in Fig. 2, 
and if 

M / c M  y~f+(S-yl)p-xlS= 0 (Limit: P2) 2 ~42 ,e'UN 2~'s 
- / / , ,  I ' , . . \ ~ - ~ 2 e ~  o. voc'J..%-." 

e. 

Ylf +(S-Yl)P+ xl s=O U 

Fig. 2. 2e contours  in the  (f, p) plane for a modified Philips 5.76 cm powder  camera  (2q9=45°(20), r =  0 ) .  
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(p--r) (15) 
T(2~,  2e, p ) =  1/(2R~i2 e cot 2~l) '  

the line profile is 

I(2e) cc [ s inh - lT]~  2SM >_ 2SI >_ 2eL 

I(2e) ¢C [sinh-~T]0 w + [sinh-~T]~ 3 
2eL >__ 2e~,>0 

I ( 2 e ) = ~  2 e = 0  (16) 
I(2e) ~c [cosh -~ T]~] + [cosh -~ T]~] 

0>2e~ > 2eK 

I(2e) ~c [cosh-~T]~ 2eK >_ 2e~ > 2eN 

I(2e) ~c [cosh-Z~]~ 2e~ > 2es >_ 2e~ 

where p~ satisfies equations (6) and (11), p~ satisfies 
equations (6) and (12), p~ satisfies equations (6) and 
(13). pa is the minimum value of p for each 2e and it 
divides those 2e curves which are double-valued into 
two single-valued sections which can then be used to 
calculate I(2~) in the range of 0 > 2 ~ > 2 ~ K .  This 
occurs when 2e c o t 2 9 < 0 ,  and the second term of 
equation (6) is zero. (It is also the value for which 
cosh - ~ T =  0, and thus need not be evaluated.) The 
locus of pa is given by 

f = p - # ( r - p )  sec 29 . (17) 

The zones of 2e over which equations (16) are applic- 
able are determined at  each 29 (and different r) as 
follows. 

(a) 2 e = 0  

:From equation (6), the region bounded by 2 ~ = 0 
lies between the two straight lines 

The example chosen involves all possible 2e zones. 
At other angles there may  be no contribution from 
some zones and in many cases the contribution to the 
intensity will be negligibly small. 

There are thus three stages in the determination of 
the line-profile arising fiom axial divergence at  a 
particular 29 or r. 

1. The zones of the 2e contours in the (f, p) plane 
are determined. 

2. The p limits corresponding to each 2e curve are 
calculated. 

3. The intensities at  each 2e are computed. 
These operations may all be performed on a com- 

puter and, to give an indication of the magnitude of 
the effect of axial divergence on the diffracted inten- 

\ 

2~=130"623°(2 l 

2~-160°(2e) / 

-20-15--10-5 0 
2e°(2e)~103 

2~p:5°(20) 

I /(2~) 

2~= 45°(20) 
-- Theoretical profile 

, Beu et al. 

2~p: 175°(2e) 

j J  
5 10 15 20-50-40-30-20-10 0 10 20 30 40 50 

2s°(2e),<lO s 

Fig.  3. I n t e n s i t y  profiles for a modi f ied  Phi l ips  5.76 em 
p o w d e r  camera  (r= 0). 

f=p-F(r-p)(sec  2~0 T- tan 29) , (18) 

and the lines intersect at f =  p = r. 

(b) 2e=2eM(2emax for 2 9 <  z~/2) 

geM is given by the substitution of (fM, pM) in 
equation (4). 

(c) 2e=2eN(2emin for 2 9 > ~ / 2 )  

2ely is given by the substitution of (fN, p~') in 
equation (4). 

(d) 2e=2eL (=2eQ for r=O) 
2eL[2eQ] is given by the substitution of (fL, O) 
[(fQ, 0)] in equation (4). 

(e) 28=2eK 

2eK is the value of 2e corresponding to the 
intersection of the locus of pa and one of the 
boundaries. (LM, MN, NQ for r =0 ,  VM, MN, 
NU, UV foI r d 0 . )  

(f) 2 e = 2 e a  (2Stain for 2 9 <  ~/2; 2emax for 2 9 >  u/2.) -2~o 

This is obtained by solving equation (6) with 
(11), (12) or (13) (or 14 when r + 0 )  for p and 
differentiating with respect to 2e. 

/ (2e) 

Theoretical profile r=O a 2 
A Beu et aL 

1 

r =I"0 mm • ~-- / ~ A 

" - I " " - "  ' ' ' " ~"-" " ~  ~ o + i ~ o  
- 100 

2~°(20):.,103 

Fig. 4. I n t e n s i t y  profiles for a modi f i ed  Phi l ips  5-76 cm 
powder  camera  (Non-equator ia l  profiles,  2 9 =  160 ° (20)). 



J. I. LANGFORD, E. R 

sity, a Stantec ZEBRA has been used to compute 
the profiles at various angles for a modified Philips 
5.76 cm camera (Beu, Musil & Scott, 1962). For this 
camera, S=9.55 cm, x,=0.25 ram, y~=6.8 ram, x2= 
0"50 mm and y~=49.8 ram. The axial divergence 
profiles for the. equatorial case (r=0) at various 2W 
are given in Fig. 3 and for various r, 2 q =  160 ° (20) 
in Fig. 4. Intensities calculated by the graphical 
method described in the preceding paper for the same 
experimental conditions are also given in Figs. 3 and 4. 

2.2. Centroid displacement 
Axial divergence displaces the eentroid of the profile 

by 

< 2 s > :  i f f d p d f d  r (19> 

While equation (19) may be evaluated for any value 
of r, only the simple case of r = 0  will be considered 
(corresponding to a detector whose 'window' dimen- 
sions are small). The integration is then over the 
region LMNQ (Fig. 2) and the limits are defined by 
equations (11)-(13) and p=0 .  The integration is fur- 
ther simplified if the f, p axes are rotated through 
angles ~, - ~  to f ' ,  p' where 

tan $ = m, (20) 
and 

tan ~ = me . (21) 
Then 

and 

( f ) = (  cos~ --sin 
\ - - s in  ~ cos ~) ( f :  ) (22) 

~(f', p') I 
<2s>= (23) , II (: '"> 

~(f, P) dp' df' 

From equation (22), 

( f ' )  1 (cos~ sin ~ ) ( f )  (24> 
p' - - c o s ( ~ + ~ ) \ s i n ~  cos 

( f ,  p') 1 
~(f, p) cos (~ + ~)" 

giving 

(25) 

The centroid displacement (r=0) is thus 
f a / i  

<2s> = I I  2s(f ' ,  p')dp'df', (26) 

where the limits of integration are 

f ;  < f '  _<f; (or -~"  _<f' _< f ' ) ,  
O<_p'<_pT (or 0 N p ' _ < P ' ) .  

Referred to axes (f' ,  p'), with r=O, equation (5) be- 
comes 

• PIKE AND K. E. BEU 

2s(f', p ' )=A( f ' )2+Bf 'p  ' +C(p') ~ 

where ~, ~ are given by equations (20) and (21), 

A = (1/$2)[1 + (1 + At sec 2~) sin 2~ 
+ / , ( / , + 2  sec 2~) sin 2 ~)] 

B =  -(2/S2)[sin (~ + ~)+ (1 + At see 2~) cos ( ~ -  ~) 
+ / , ( / , + 2  sec 2~) sin ~ cos ~] 

C =  (1/$2)[1 + (1 + At sec 2~) sin 2~ 

+ At(At + 2 see 2~) cos 2 ~]. 

From equation (26), 

' 

--/"" 0 < 2 s > =  ~,  p, , 

I I dp'df ' 
d- -P '  dO 

o r  

6 4 9  

(27) 

(28) 

<2s>= ½[A (F') 2 + C(P')2]. (29) 

F' is given by the transform of equation (13), 

- sin ~F' = - me cos SF' + c2 
o r  

F '  = c2l/(1 + m2)/(m.~--ml), (30) 

and P '  is given by the transform of equation (12), 

cos ~P' = ml sin ~ + c, 
o r  

P'=cll/(1 +m~)/(m~-ml) . (31) 

Substituting for F ' ,  P '  in equation (29), 

1 

<23> -- 6S2(m2_ml) ~ 

x [c~{[(1 + m,)2+ At2m~] cot 2 ~ +  2Atm,(1 +m,)  cosec 2~v} 

+ c1~{[(1 + m2) ~ + At:~] cot 2~ + 2Attar(1 + ~ )  cosec 2 @ ,  
(32) 

o r  

1 
<2s> = 6(ql_q2) 2 ( ~ Q , I +  ~Q22) (33) 

where 

2~i = slit height/focus-to-slit distance - S -  YU' 

q~ = specimen-to-slit distance/slit-to-focus 

and 

Q~¢ = [1 - q~(At - 1)][1 - qj(At- 1)] cot 2~ 
+At[q~(1 +q~) +qj(1 +q~)] cot ~ .  

For the particular case of the modified Philips 5.76 cm 
camera referred to in § 2.1, the centroid displacement 
is 

<2s>=0"925 cot 2 ~ +  1.726 cot ~ °(20) x 103 . (35) 
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2.3. Variance 
The variance, or mean-square broadening, of the 

profile is 
W =  <(2s)e>- <2s> 2 , (36) 

where <2¢> 2 is obtained from equation (33) and 

I F '  t P '  -F'~0 [2s ' ( f ,  p')]~ dp' df' 
= , - 

• I _ 

--F" 0 

=-}A2(F') 4 + ~(2A C + B~)(F')e(P') 2 + -}C2(P') 4 . 

The variance then reduces to 
(37) 

1 _ _  1 4 9 1 2 2 2[32 ~A_ I ~X4fI2 ) 
W -  2(ql - q2) 4 {Y6a2Q11 -{- 9 ~xl~x2(QliQ22 A- ~12/7- i6 1~22~ 

-<2~} 2. (38) 

For the modified Philips 5.76 cm camera the variance 
is 

W = 0.995 cot 2 2~ + 2.608 cot 2q~ cot ~ + 7.733 cot2~ 

[°(20)]9 x I06 . (39) 

3. Conc lus ions  

The intensity profiles arising from axial divergence 
have been derived analytically, using a method based 
on Eastabrook's approximation of neglecting the sec- 
ond and higher orders of 2e, the difference in angle 
between an element of the diffracted beam and the 
equivalent beam diffracted according to the Bragg 
equation. (It should be noted tha t  2s is added to the 
measured angle 2~ to obtain the Bragg angle.) A 
general expression for the line profile would be un- 
wieldy, but  for a camera of known geometry, the pro- 
cedure for obtaining it is quite straightforward. The 
profiles at various angles have been computed for a 
modified Philips 5-76 cm camera (Beu, Musil & Scott 
1962). 

In Fig. 3, the intensity variation along the equato- 
rial line of the film cylinder (r = 0) is given correspond- 
ing to tha t  received by a detector whose 'window' 
dimensions are small. In  all cases there is an infinity 
at  2s - -0  and, except at one particular angle (deter- 
mined by the collimator geometry), the profiles are 
asymmetric. In Fig. 4, off-axis profiles are illustrated 
for 2~ = 160 °(20). As Irl departs from zero, the infinity 
at  2 e = 0  persists until Irl attains a particular value 
Irlnm, and for further increases in Irl, the maximum 
intensity falls off rapidly. [Irllim is the value of r for 
which the 2 s = 0  contours just touch a boundary of 
the (f, p) plane.] 

If the above profiles are compared with those cal- 
culated for the same camera by the graphical method 
of Beu, Landstrom, Whitney & Pike (1964), i t  will be 
seen tha t  there is negligible discrepancy between the 
results of the two methods except at  low and very 
high angles. Though the differences are unlikely to be 
significant in practice, the graphical procedure should 
give a better approximation to the exact intensity in 
these regions. At intermediate angles, the use of an 
analytical method obviates the difficulties arising from 
the infinity at 2e = 0. 

The expressions for the centroid displacement and 
mean-square broadening (the variance) are quite gen- 
eral and again give a sufficiently good approximation 
in practice except at low or very high angles. The 
centroid displacement, given by equation (33), is zero 
at the angle for which the line profile is symmetrical, 
positive for lower angles and negative at  higher 
angles. The variance, given by equation (38), passes 
through a minimum at the same angle. For the above 
camera, the shift in centroid, from equation (35), is 
given in Fig. 5, and the variance, from equation 39, is 
given in Fig. 6, for various 2~. The centroid displace- 
ment is -0 .025  ° at 10 ° (20), falling to zero at  about 
130 ° (20) and is +0.005 ° at 170 ° (20). The correspond- 
ing root-mean-square breadths at  these angles are, 
respectively, 0.030 °, a minimum of about 0.002 ° and 
0.006 °. Thus the centroid displacement and breadth 
due to axial divergence for this particular camera 
geometry are comparatively small, except at low or 

~ 1 5  
x 

~ 1 0  

v 5 

30 ° 60 ° 
150 ° 

, 

90 ° 120 ° ~ " ' ~  180 ° 

2(p °(20) 

Fig. 5. Centroid displacement for a modified Philips 5.76 cm 
powder camera (r = 0). 

lOO 

50 

o 30 ° 60 ° 90 ° 120 ° 150 ° 180 ° 

2~ °(20) 

:Fig. 6. Mean-square-broadening (variance) for a modified 
Philips 5.76 cm powder camera (r= 0). 
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very  high angles, and  only become significant if the 
film is photometered  to this order of accuracy.  These 
quanti t ies  m a y  be compared with the  centroid dis- 
p lacement  and  var iance  which have  been determined 
previously (Pike, 1957, 1959; Langford,  1962) for a 
di f f ractometer  wi th  various collimator geometries. 

Unlike most  geometrical  effects, the error arising 
from axial  divergence does not  ext rapola te  to zero 
a t  20= 180 ° . I n  the  accurate  de terminat ion  of lat t ice 
parameters ,  therefore, it  is necessary to evaluate  the 
contr ibut ion to each diffract ion max imum.  I f  the cen- 
t roid  and  var iance are used as measures  of position 
and  breadth,  the axial-divergence error is direct ly 
addi t ive  to errors f rom other aberra t ions  (Pike,1957; 
Par ish  & Wilson, 1959). 

We are indebted to Prof. A. J .  C. Wilson for his 
interest  in the  paper  and  for valuable  advice and 
criticism. 
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Neutron Diffraction Investigation of U3Os* 

BY B. 0.  LOOPSTRA 

Reactor Centrum Nederland, Petten(NH), The Netherlands 
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A polycrystalline sample of orthorhombic UaO s has been investigated by neutron diffraction in 
order to resolve discrepancies between previous single-crystal X-ray and powder neutron investiga- 

(C~v). The uranium atoms are surrounded by six oxygen atoms in tions. The space group is Atom2 14 
close contact at  distances between 2-07 and 2.23 A, with a seventh oxygen atom at 2.44 A for the 
U(1) atom and at 2-71 /~ for the U(2) atom. 

Introduct ion 

The s t ruc ture  of the  or thorhombic form of Ua0s, 
f irst  proposed by  Zachar iasen (1945), has been rede- 
te rmined independent ly  by  an X - r a y  invest igat ion on 
single crystals  (Chodura & Mal:~, 1958) and  by  a 
neutron-diffract ion invest igat ion on powdered mate-  
r ial  (Andresen, 1958). The resul ts  from the two 
methods differ in m a n y  details,  a l though the overall 
features  are quite similar (Fig. 2). Because the in- 
vest igat ion of Andresen made  use of a neut ron  dia- 
g ram with a ra ther  poor resolution, it seemed worth  
while to repeat  it, using an  improved resolution, in 
order to get a set of exper imenta l  da t a  more sensitive 
to the  details of the s t ructure .  

E x p e r i m e n t a l  

A high pur i ty  sample of UsOs powder was mounted  
on the powder di f f ractometer  a t  the Pe t t en  H F R .  The 

* Work sponsored jointly by Reactor Centrum Nederland, 
the Netherlands and Institutt for Atomenergi, Norway. 

Actually there is one weak intensity at 25.3 ° 20 that 
cannot be indexed on the present cell. Nor, however, does it 
fit with an a axis of double length. It  has been neglected. 

sample was contained in a cylindrical a luminum 
sample holder of 0.05 mm wall  thickness and  24 mm 
diameter .  Monochromatic radia t ion  with a wavelength 
of 1.092 A was obta ined from a copper (200) plane. 
Soller slits of 10' angular  divergence were mounted  in 
f ront  of the  BF3 detector  and  between the reactor  and  
the  monochromator .  The exper imental  d a t a  of Table 1 
were obta ined in about  one week with the reactor  
operat ing a t  20 MW. The intensities were brought  to 
an absolute scale by  scaling from a nickel powder  
diagram,  obtained under  identical conditions. The 
d iagram is reproduced in Fig. 1. 

Resul ts  and d i scuss ion  

From an  X - r a y  d iagram the unit-cell dimensions of 
the  sample were found to be a=4 .14s ,  b=11.966 and  
c =  6"717/~. The axes have been chosen in accordance 
with  the usual designation of the  space group, derived 
below. To avoid confusion, all space groups ment ioned 
have been referred to these axes. 

The uni t  cell is in accordance with Andresen 's  da ta ,  
whereas Chodura & Mal~ report  an a axis of double 
length derived f rom weak layer  lines on ro ta t ion  


